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Abstract
Possible applications of noncommutative theories to the study of gauge invariance of dimension two condensate in Yang–
Mills theory are discussed.
 2005 Elsevier B.V. Open access under CC BY license.1. Introduction
In this Letter we will discuss gauge invariance of
the dimension two condensate V −1〈∫V tr(A2µ(x)) dx〉
in Yang–Mills theory. One might think that this con-
densate, being the expectation value of the gauge vari-
ant operator
∫
V
tr(A2µ(x)) dx is irrelevant for physics.
Nevertheless this condensate was used in the past to
get the information about the behaviour of gauge de-
pendent objects like gluon propagator [1,2]. More re-
cently it was argued [3–5], that in spite of its gauge de-
pendence the dimension two condensate is important
for topological properties of QCD. Moreover the au-
thors of the papers [4,5] showed that a minimal value
of the condensate V −1〈∫
V
tr(A2µ(x)) dx〉, has a gauge
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topologically nontrivial excitations.
Another possible dimension two condensate
〈∫
V
tr(A2µ(x) − iαc¯(x)c(x)) dx〉 was considered in
the paper [6]. This condensate is distinguished be-
ing BRST invariant (it does not mean however that
it is gauge independent). Different aspects of renor-
malization of dimension two condensates and their
possible contribution to observable effects were dis-
cussed also in the papers [7,8]. It seems that there are
different and sometimes contradictory opinions about
properties of dimension two condensate in Yang–Mills
theory. At present a clear and well founded answer to
the question about the properties of these condensates
is absent.
In a recent paper [9] we suggested that although
the operator
∫
tr(A2µ(x)) dx is not gauge invariant, its
vacuum expectation value does not depend on a gauge.
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Mills theory as a limiting case of a noncommutative
gauge theory, when the noncommutativity parameter
tends to zero: ξ → 0. We assumed that this theory
allows a gauge invariant regularization and in the reg-
ularized theory (for a fixed value of a cut-off) the limit
ξ → 0 is nonsingular.
In the present Letter we give more detailed discus-
sion of these hypotheses and the problem of gauge
invariance of dimension two condensate. In the last
section we illustrate the main idea by the example
of the dimension two condensate in the commutative
Abelian model.
2. Yang–Mills theory and noncommutative gauge
invariant models
Noncommutative U(N) invariant theory is de-
scribed by the action
(1)I = − 1
2g2
∫
dx tr(Fµν ∗ Fµν),
where
(2)Fµν = ∂µAν − ∂νAµ − i(Aµ ∗ Aν − Aν ∗ Aµ).
Here Aµ = Aaµta is a N ×N matrix, and the star prod-
uct is defined by the equation
(3)φ(x) ∗ g(x) = exp
{
iξ
2
θµν∂xµ∂
y
ν
}
φ(x)g(y)x=y
with θµν being a nondegenerate skew-symmetric real
matrix, θνλθλν = −δµν . In this and the next section
we assume that the space–time metrics is Euclidean.
We adopt the following normalization conditions
tr
(
tatb
)= 1
2
δab, a = 0, i,
t0 = 1√
2N
,
[
ta, tb
]= if abctc,
(4){ta, tb}= 1
N
δab + dabctc.
The action (1) is invariant with respect to noncom-
mutative U(N) transformations
δAµ = i
(
λ(x) ∗ Aµ(x) − Aµ(x) ∗ λ(x)
)
(5)+ ∂µλ(x).In the limit ξ → 0 gauge transformations (5) split into
the usual SU(N) and U(1) transformations and the La-
grangian becomes the sum of the SU(N) Yang–Mills
Lagrangian and the Lagrangian of the free U(1) field.
The limit ξ → 0 in quantum theory is much more
tricky. One loop radiative corrections for a finite ξ may
be calculated using a standard renormalization tech-
nique, however the result is singular at ξ = 0. More-
over, the corresponding amplitudes have nonphysical
singularities at zero external momenta. The higher or-
der diagrams acquire nonintegrable infrared singular-
ities making the theory inconsistent [11–14]. Due to
this phenomenon, which is called “ultraviolet–infrared
mixing”, the quantum Yang–Mills theory cannot be
considered as a limit at ξ → 0 of the noncommuta-
tive gauge invariant model, at least in the framework
of perturbation theory. However the situation changes
drastically if one introduces a gauge invariant regular-
ization and takes the limit ξ → 0 in the regularized
theory. Ultraviolet regularization is equivalent to intro-
ducing some cut-off which suppresses a contribution
of very high frequencies (in the case of the dimen-
sional regularization an explicit cut-off is absent, but
suppression of high frequencies also takes place). If
one chooses a cut-off Λ such that Λ−2 > ξ it is natural
to expect that the theory is not sensitive to the details
of dynamics at the distances ∼ ξ1/2 and a smooth limit
ξ → 0,Λ fixed, exists.
This statement can be easily verified in the frame-
work of perturbation theory. In this case a regularized
amplitude may be written in the form
(6)Γ Λ =
∑
i
∫
f Λi (p, k)Ti(p, k) dk1 · · ·dkn,
where fΛi (p, k) is a rational function of p,k and Ti is
a product of trigonometric functions
sin
(
ξplµθ
µνkmν
)
, sin
(
ξplµθ
µνpmν
)
,
sin
(
ξklµθ
µνkmν
)
,
cos
(
ξplµθ
µνpmν
)
, cos
(
ξplµθ
µνkmν
)
,
cos
(
ξklµθ
µνkmν
)
.
The index Λ means that some gauge invariant regular-
ization is introduced, so that∫
dk1 · · ·dkn
∣∣f Λ(p, k)∣∣< ∞.
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function Γ Λ(p), has a definite limit at ξ → 0. The
limiting theory is the usual commutative SU(N) the-
ory plus free U(1) field. In perturbation theory one
can use for example the dimensional regularization,
which preserves the gauge invariance and allows tak-
ing the limit ξ → 0. The question about the existence
of a gauge invariant regularization beyond perturba-
tion theory (both in commutative and noncommutative
case) is open.
Our further discussion is based on three hypothesis:
(1) Existence of a gauge invariant regularization for
the noncommutative gauge theory.
(2) Existence of a smooth commutative limit ξ → 0 in
the regularized model, resulting in the regularized
Yang–Mills theory.
(3) Absence of a spontaneous breaking of the transla-
tional invariance. More precisely we assume that
〈Aµ(x)〉0 = 0.
As we already mentioned, dimensional regulariza-
tion was used successfully for perturbative analysis of
noncommutative gauge invariant models by numerous
authors, although a rigorous proof of its invariance has
not been given.
The validity of the second assumption in perturba-
tion theory was proven explicitly above.
Finally, the third assumption is obviously fulfilled
in perturbation theory as the Feynman rules are mani-
festly Lorentz and translationally invariant.
Beyond perturbation theory these assumptions re-
quire special investigation.
3. Gauge invariance of dimension two condensate
In our proof we shall use the connection between
noncommutative gauge theory and the matrix model,
described by the action (see, e.g., [10])
I = − 1
2g2
∫
tr
(
Aµ(x) ∗ Aν(x) −Aν(x) ∗ Aµ(x)
(7)− iξ−1θµν)2d4x.
Here Aµ belong to U(N) algebra, as discussed above.
This action is invariant with respect to the transforma-tions
(8)Aµ(x) → ω(x) ∗ Aµ(x) ∗ ω+(x).
Being written in terms of the shifted variables
(9)Aµ − ξ−1θµνxν
it describes the U(N) noncommutative Yang–Mills
model
Ish = − 12g2
∫
tr
(
∂µAν − ∂νAµ
(10)
− i[Aµ ∗ Aν − Aν ∗ Aµ]
)2
d4x.
The symmetry transformation (8) in terms of shifted
variables looks as follows
Aωµ(x) = ω(x) ∗ Aµ(x) ∗ ω+(x)
(11)+ iω(x) ∗ ∂µω+(x)
which is nothing but the noncommutative gauge trans-
formation. Note that the shifted action and the gauge
transformations (11) are not singular in the limit
ξ → 0. In this limit we obtain the usual commutative
Yang–Mills theory.
Clearly integrals of the form∫
V
tr
(
A2µ(x)
)
dx,
(12)
∫
V
tr
([
Aµ(x) ∗ Aµ(x)
]2)
dx
are invariant with respect to the transformations (8).
Therefore in the shifted theory the integral∫
V
tr
(
Aµ(x)− ξ−1θµνxν
)2
d4x
(13)=
∫
V
tr
(
A2µ − 2ξ−1Aµθµνxν + ξ−2x2
)
d4x
is gauge invariant. The last term is a constant which
may be omitted without breaking the gauge invariance.
Hence the functional
(14)C =
∫
V
tr
(
Aµ(x)
2 − 2ξ−1Aµ(x)θµνxν
)
d4x
is invariant with respect to the gauge transforma-
tion (11). The invariance of the functional C may be
of course checked by direct calculations [9].
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mutative Yang–Mills action and the functional C one
should have in mind that contrary to the commutative
case this invariance holds only for integrated objects
and it implies certain limitations on the gauge func-
tions ω(x). The functions λ(x), entering the gauge
transformation
ω(x) = ∗ exp{iλ(x)}
must vanish sufficiently fast when |x| → ∞. This con-
dition may be important for the study of topologically
nontrivial gauge field configurations.
Let us assume that there exists a gauge invariant
regularized noncommutative U(N) theory and derive
the generalized Ward identity (GWI), which allows to
prove the gauge independence of the condensate.
We consider the following functional
1
Z
∫
exp
{
−Iα +
∫
2 tr
(
Aµ(x)Jµ(x)
)
dx
}
× 1
V
∫
V
tr
(
A2µ(y) + 2
1
ξ
Aµ(y)θ
µνyν
)
dy
(15)× detM dAµ,
where Iα is the gauge fixed action (10) in a covariant α
gauge, detM is the Faddeev–Popov determinant
(16)detM =
∫
exp
{
−
∫
tr(c¯∂µDµc) dx
}
dc¯ dc
and
Z =
∫
exp{−Iα}detM dAµ.
Let us make in the integral (15) the infinitesimal
change of variables
(17)Aµ → Aµ + Dµφ,
where the function φ(x) is a vanishing at |x| → ∞
solution of the equation
(18)Mφ = ∂µDµφ(x) = κ(x)
and κ(x) is an arbitrary function decreasing fast at
|x| → ∞.
One can show [15] that the integration measure
detM dAµ is invariant under this transformation. The
action (10) and the term (14) are also invariant (we re-
mind that the functions φ(x) vanish at |x| → ∞). So
the only terms which change under this transformationare the gauge fixing term and the source term. Using
the fact that the variation of the integral (15) must be
equal to zero, we get∫
exp
{
−Iα +
∫
2 tr
(
Jµ(x)Aµ(x)
)
dx
}
× V −1
∫
V
dy tr
(
A2µ(y)+ 2ξ−1Aµ(y)θµνyν
)
×
{
1
α
∂µA
a
µ(v) +
∫
duJ cµ(u)
(
DµM
−1)ca(u, v)
}
(19)× detM dAµ = 0.
Taking the variation over J aν (z) at J = 0 and differ-
entiating the resulting equation with respect to zν , one
obtains∫
exp{−Iα}V −1
∫
V
dx tr
(
A2µ(x)+ 2ξ−1Aµ(x)θµνxν
)
×
{
1
α
∂µA
a
µ(y)∂νA
a
ν(z) + ∂µ
(
DµM
−1)aa(z, y)
}
(20)× detM dA = 0.
Now we put in Eq. (20) y = z, integrate it over y and
sum over a. The first term in the resulting equation
may be written as follows∫
exp{−Iα}C 1
α
∫
(∂µAµ)
2(y) dy detM dAµ
= −2αZ d
dα
〈C〉0
(21)
+ 2αZ d
dα
(
Z−1
)∫
exp{−Iα}C detM dAµ.
The derivation of Z−1 over α gives
−2α d
dα
(
Z−1
)= −2αZ−2
∫ 1
2α2
∫
(∂µAµ)
2(x) dx
(22)× exp{−Iα}detM dAµ.
Using the GWI
(23)〈∂µAaµ(x)∂νAν(y)〉0 + αZδ(x − y)δab = 0
we see that the derivation of Z−1 produces the term,
which exactly compensates the contribution of the sec-
ond term in Eq. (20).
Therefore Eq. (20) implies
(24)2α d 〈C〉0 = 0.
dα
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〈C〉0 = V −1
∫
V
〈
tr
(
A2µ
)〉
dx
(25)+ V −1
∫
V
ξ−1
〈
tr
(
Aµ
)〉
xµθ
µν dx.
According to our assumption translational invariance
is not spontaneously broken, and the last term van-
ishes. The remaining terms allow a smooth commuta-
tive limit ξ → 0. So we conclude that the condensate
V −1〈∫
V
tr(Aµ)2 dx〉0 in the invariantly regularized
commutative Yang–Mills theory is gauge independent.
The last step is removing of an intermediate invari-
ant regularization, which may be done in a standard
way, resulting in the gauge invariant condensate in the
renormalized Yang–Mills theory.
To clarify how the expectation value of a gauge
noninvariant operator may be gauge independent, we
shall discuss in the next section the problem of gauge
invariance of the dimension two condensate in the
Abelian theory. In this case we do not use a noncom-
mutative technique and work in the standard commu-
tative formalism.
4. Commutative Abelian model
The model is described by the action
(26)I =
∫ [
−1
4
(∂µAν − ∂νAµ)2 + L˜(A,ψ)
]
dx,
where L˜ denotes a gauge invariant interaction of elec-
tromagnetic field with matter.
In a covariant α-gauge the condensate is given by
the integral
〈C〉0 =
∫
dAµ exp
{
iI − i 1
2α
∫
(∂µAµ)
2 dx
}
(27)× V −1
∫
V
A2µ(y) dy.
Let us consider also the extended model, including
an additional scalar field B(x):Iβ =
∫
dx
(
−1
4
(∂µAν − ∂νAµ)2
(28)
+ β
2
(
∂µAµ + ∂2B
)2 + L˜(Aµ,ψ)
)
.
The action (28) is invariant with respect to the gauge
transformations if the scalar field B transforms as fol-
lows
(29)B(x) → B(x) − λ(x).
This invariance allows to impose some gauge condi-
tion on B or Aµ. In particular, choosing the gauge B =
0, we obtain the action (26) with the gauge fixing term∫
dx
β
2 (∂µAµ)
2
. One can also consider α-gauges, in-
troducing the gauge fixing term (2α)−1
∫
(∂µAµ)
2 dx .
To study the gauge dependence of the condensate
(27) let us firstly consider the two point Green function
in the model (28)
Gµν(x − y)
(30)= 〈T (Aµ(x)+ ∂µB(x))(Aν(y) + ∂νB(y))〉0.
This Green function obviously does not depend on a
gauge and its Fourier transform has a structure
(31)G˜µν(q) = Π trµν(q)+ qµqνΠ(q),
where Π trµν denotes the transversal structure. The
transversal and longitudinal structures of G˜µν sepa-
rately are gauge independent and one can calculate
the function Π(q) in a special gauge. The most con-
venient is the Landau gauge ∂µAµ = 0 in which the
B-field decouples completely. In this way one gets
Π = (βq4)−1, and the second term in Eq. (31) coin-
cides with the longitudinal part of the free propagator.
The transversal structure Π trµν(q) being gauge in-
dependent does not depend on β in any gauge, in par-
ticular in the gauge B = 0, where it coincides with the
corresponding function in the model (25).
To calculate the condensate we put x = y,µ = ν,
integrate over x and sum over µ. We get
(32)〈C〉0 =
∫
dq Π trµµ(q)+ α
∫
dq
q2
.
The last term in this equation is proportional
to Dc(0) which in regularizations like dimensional one
is taken to be zero. Hence in this case
(33)d〈C〉0 = 0.
dα
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dition Dc(0) = 0 the last term in Eq. (32) becomes
singular when the regularization is removed. This sin-
gularity is easily removed by subtraction of the corre-
sponding term for the noninteracting theory. We con-
clude that in the Abelian model the gauge dependence
of the d = 2 condensate appears only through non-
interacting theory and may be removed by a proper
choice of regularization or by subtracting the value of
the condensate in the free model. The dependence on
the gauge fixing parameter α is present only in the part
of the condensate which corresponds to the longitudi-
nal component of the propagator. So our conclusion
seems to be in agreement with the observation made
in [4] that in the model (26) a gauge invariant meaning
has the value of the condensate in Landau gauge.
These results are stable under renormalization. At
first glance one may think that in the model (28) new
gauge invariant counterterms like (Aµ + ∂µB)2 may
appear. However it does not happen. The easiest way
to see that is to perform the renormalization in the
Landau gauge, where the models (26) and (28) coin-
cide. In the model (26) the structure of counterterms
is well known and does not include mass renormaliza-
tion. Hence the same counterterms are sufficient in the
model (28) in Landau gauge, and due to the gauge in-
variance in any α-gauge.
Unfortunately these simple arguments cannot be
used in the non-Abelian case. I think that in this case
the role of the action (28) allowing the gauge invari-
ant condensate, plays the noncommutative action (10),
which in the limit ξ → 0 coincides with the usual
Yang–Mills action, and in quantum theory admits the
gauge independent calculation of the dimension two
condensate.
5. Discussion
We showed that if an ultraviolet regularization pre-
serving the noncommutative U(N) gauge invariance
and allowing a smooth limit ξ → 0 exists, the dimen-
sion two SU(N) condensate V −1〈∫
V
tr(A2µ(x)) dx〉 in
the commutative Yang–Mills theory may be calculatedin a gauge independent way. In the Abelian case we
also demonstrated how the same conclusion may be
achieved in the usual commutative model without any
references to perturbation theory.
It would be very interesting to see if our assump-
tions may be justified beyond perturbation theory, in
particular for topologically nontrivial fields, and what
are the physical implications of the dimension two
condensate gauge independence.
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